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PaccmarpuBaercst crnenyromas 3agada: Ha MaTepUaIbHYIO TOUKY JIEHCTBYET IMOCTOSHHAS 110 HAIIPABICHHUS, HO TIe-
pEMEHHas 110 BETMUYHHE CHIa. DTa CHJIa OTpaHHUYeHa Mo Momyo. OueBHIHO, UTO MaTepuanbHas Touka OyneT ABU-
rarbcst o npsimoi. Ilpennonaraercst Haau4yMe TPEHUs, NPOHOPLUOHAIBHOIO CKOPOCTU ABUKCHUS MaTepUaIbHOM
Touku. [lycTh ABMKEHUE IPOMCXOIUT HEOTPAaHUIEHHO BO BPEMEHH, TaK KaK y)Ke IIPH MTHOBEHHOM MMITYJIbCHOM
BO3IEHCTBUM CKOPOCTD TOJIOKUTENbHA OECKOHETHOE BPEMs M SKCIIOHEHIINAIBHO yObIBaeT. JlomycTHM, HOCTOSHEH
MHTETpaJl OT JICWCTBYIOIIEH CTOPOHHEH CHIIBI Ha BCEM OECKOHEYHOM IIPOMEKYTKE BPEeMEHH JBIKEHHs. Borpoc:
Ha KaKoe€ MAaKCHMAaJIbHOE PACCTOSTHHE MOXKET ITEPEeMECTHUTHCS TOUKa ¢ (PMKCHPOBAHHOI Maccoi? 3agada CBOIUTCS K
JMHEITHOMY HEOJHOPOAHOMY (B (GEPEHIIMATBHOMY YPaBHEHHIO C ITOCTOSHHBIMU KO3 (UIHEHTaMH B JICBOW 4acTH
U [IEpEeMEHHON CTOPOHHEH CHIION BO3/EHCTBHS B NpaBod 4acTH ypaBHeHHs. PemieHue sToro ypaBHeHus (3anaya
Komm ¢ myneBoit HauambHON CKOPOCTBHIO) 3aIlMCHIBACTCS B BHAE MHTerpana Jlroamens. MHTerpuposanue 3Toro
pelIeHnss — CKOPOCTh ABMXKEHUS OT HyJsl 10 OECKOHEYHOCTH — JaeT BEIUUUHY MEepeMENIeHHUs MaTepUalbHOM
Touku. OKa3pIBaeTCs, YTO ITO MEPEMENICHHE 3aBHCUT HEe OT (OPMbI 3aKOHA W3MEHEHHs ACHCTBYIOLIEH CHIIBI, a
TOJIBKO OT MHTETpajia OT 3TOH CHIIBI 0 OECKOHETHOMY ITPOMEKYTKY BPEMEHH JIBIDKEHHS. YIaeTcsl, TAKUM 00pazoMm,
He mpuberats K MpUHIHUITY MakcuMyMa [IoHTpsruHa u 060MTH TPyAHOCTH, BO3HHUKAIOIIUE MIPH €T0 MPUMEHEHUH.
PaccmarpuBaercs u ciydai, koraa BpeMs IBIDKCHUs OTpaHUYEHO 3apaHee 3aJlaHHOl BelnuYuHOU. Perienue B 3ToM
ClIydJae He CTOJNb KPaCHBO M MOXKET OBITH CBEAEHO K PEIICHHIO CTAHAAPTHOHN 3a/1a4 JINHEHHOTO TpOorpaMMHPOBa-
Hust. [IpuHIUNHaTBHO PaCCMOTPEH U CITydai, KOT/ja Cuila TPEHUS IPOMOPIHOHANIbHA KBaJPaTy CKOPOCTH, — TOTAa
muddepeHanbHOe ypaBHEHNE JIBIKSHHS OKa3bIBAaeTCsl ypaBHEHHEM PUKKAaTH M aHAJIMTHYECKOE ero PelleHUe
TIPE/ICTABIISCT 3HAYUTEIILHBIE TPYAHOCTH.

KnroueBbie c/10Ba: onTHMaNbHOE yIIpaBIeHUE, CUIIA, 3aKOHBI HploTOHA
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PeaJILHLIe TEXHUYECKHE IMPOLECChl YacTO Mojie-
JUPYIOTCSI KaK yNpaBlIeHUE B 3a/lauyax, OMHUCHI-
BaeMbIX TU(PepeHINATEHBIMI YPaBHEHUSAMH (WIIN
CUCTEMaMH TaKuX ypaBHEHHH). MoIIHbIM ammapa-
TOM PELICHUS MOJOOHBIX 3a]a4 SBISACTCS MPUHIIHIT
makcumyMa JI.C. Tlontpsaruna [1]. Ognaxo nHorma
yAaeTcs HCCIIeN0BaTh ONTHUMAbHOE YIIpaBJIEHUE
OoJiee MPOCTHIMU CPEACTBAMH, HE TPHOETas K cepb-
€3HOMY arrapary MpHHIMIA MaKCUMyMa.

[Iyctb cocpenoToueHHas macca /m MpsIMOIMHEH-
HO JIBMDKETCSI TOJI BO3AEHCTBHEM MEPEMEHHOW MO
BEJIMYMHE, HO MTOCTOSIHHOM 110 HAIpaBJIEHHUIO CUIIbI
F(t), orpanrueHHO# KaK 0 BETUYHHE, TAK U HHTET-
panbHo, T. €.

0<F()<F,, O]F(t)dt = A. (1)

[IpeamonoxuM, 4TO Ha Maccy BO3/ICHCTBYET crila
TPEHUsI, TPOMOPIIHMOHANIBHAS CKOPOCTH JBMKCHHUS
v(f) maccel. Kak ontumaibHO BBIOpATh yrpaBlieHHE
F(#), uroObl Macca mepeMecTH/Iach Ha BO3MOYKHO
Oosbliiee paccTosiHUE?

[To Bropomy 3akony HbioToHa (cM., Harpumep,
[2)),

m% =—kv+F(1), )

rae F(¢) momquuHsiercs orpannyeHusm (1).

Tak Kak Jjake pu OTCYTCTBUM yTpaBiieHus F(f),
T. €. ipu F(¢) = 0, pemenue (2) ecth

k
w(£) = v(0)e ",

BpeMsl JBIKCHUSI OECKOHEYHO (HEKOTOPBI MOPOK
MO/JIEJI TOPMOXKEHHUS € MTOMOIIbIO TpeHus). [loaTo-
My B (1) uHTErpUpOBaHUE 10 t00.

Ecnan naganbHoe ycnoBue B 3amaue Ko mms
ypaBHeHus (2) B3sa1h B Buae v(0) = 0, To momydum
(cMm., Hanpumep, [3])

Lk, k.
v(t)y=e " I@e’” dr,
m

0

OTKyJa
© [e 0] 7&[00 &1
S() = [v(t)de = [e j@em dudt =
0 0 0 m

0 ko0 k
F(r) &% -k
= f—(’[) em J.e mtdtd‘[:
0 m T
0

% LRl L 1 A
= |F(t)e" —e™ dt=— |F(t)dt=— (3
Oj (e p j @dr="- )
Pesynbrar (3) nocratodHo JFOOOMBITEH — IPH
TM0O0M 3aKOHE BO3ICUCTBHS F(f), MOJUNHSIOIIEMCS

orpanndyeHusM (1), 3a OCCKOHEUYHOE BpeMs Mare-
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pHanbHasg TOUKa MMEPEMECTUTCS] Ha paccTosHue A/k

[4-8].

BonieBbiM 00pa3oM OrpaHUYUM BpeMs JBIHIKE-
Hus BenuanHO# 7, T. €. BMecTo (1) Hanoxxum Ha F(f)
OTpaHUYCHHS

0<F()<F

m

T

o [F(Hde=4.
0

Torna nomyuum

S(T) = ij(z)dt - Tje’g' j@ o dud =
0 0 0 m

= ]‘wegT ]‘e%tdt dt=
o m

T

_ jF(r)

p (1 o )dr. (4)

0

B sToM ciayuae yxe BO3MOKHA ONTUMHU3ALHMS 10
F(f). 3amena unrerpana B (4) no gopmyie npsmo-
YTOJIBHUKOB J1a€T

T n-1 T kT
S(T)zEl_ZOF(z;)(I_e )6

1 MaKCHMU3aLMsl IPaBOH 4acTH ypaBHeHus (5) npu-
BEJIET K CTaHJapTHOM 3a/ade JIMHEHHOro mporpam-
MHUPOBAHUS MPH OTPAHUICHUSIX

n—1
0<F(IT/n)<F. ZF(]ZJ cAn
1=0 n T

be3 Tpyma MoxHO paccMOTpeTh Oojiee OOIIyIO
3anauy, re m u k sensitorcs yHkiusamu m(f) u k(t).
Torma

CBeneHMsa 06 aBTopax

w kOt ’jk(r)

S = Jo 0" o 10
0

0

() dudr.  (6)

OnTtummsanus (6) o F' 10CTaTOYHO CTaHAapTHA
[9, 10].

Bmecto nuHeiiHOTO ypaBHEHHs (2) MOXEM I0-
JIy4UTh ypaBHeHHE Pukkaru

dv )
ma =—kv™ + F(?) [4].

OTO MPOUCXOAUT B CIY4YaeK Orna CUiia TPEHHs
MPOTMOPIHOHATBHA KBAIPATy CKOPOCTH V*(£).
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THE LARGEST DISTANCE COVERED
UNDER A LIMITED RESOURCE

A.L Rubinshtein, P.S. Serebrennikov, N.V. Shipov, N.A. Gorodetskaya
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We study the following problem: some material point is under the action of a force which is directionally
constant, but, on the other hand, quantitatively variable. This force is limited in absolute magnitude. It is obvious
that the material point studied will move in a straight line. It is assumed that the friction available is proportional
to the speed of the material point movement. Let the motion be unlimited in time, because even at instantaneous
pulse of force the speed is positive for infinite time and decreases exponentially. Let the integral of force over time
on all the infinite time span of the movement be constant. Let’s ask: what is the maximum distance the point of fixed
mass can pass? The problem consists in developing a linear homogeneous differential equation with some constant
coefficients in the left part and a variable force in the right part of the equation. The solution of this equation
(Cauchy problem with zero initial velocity) is written as a Duhamel integral. The integration of this solution, i.e.,
the speed of movement from zero to infinity, gives us the distance covered by a material point. It turns out that
this movement does not depend on the form of the force change law, and it depends only on the integral of this force
along the endless time of movement. Thus, it is possible not to apply the maximum principle of L. S. Pontryagin and
to avoid the difficulties encountered in its application. This paper considers also the case when motion is restricted
to a predetermined amount of time. The solution in this case is not so beautiful and can be reduced to solving a
standard linear programming problem. Basically, the case when the friction force is proportional to the square of the
speed has been also considered. In this case, the differential equation of motion turns out to be a Riccati equation
and its analytical solution represents a considerable challenge.

Keywords: optimal control, force, Newton’s laws.
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