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CTyZeHTHI ¢ TPYJIOM BOCIIPAaHUMAIOT MareMaTHKy. Ckopee BCero, 3To OOBSICHSETCS OIIYIIEHHEM, YTO MaTeMaTHKa
ecTh HabOp HESCHO OTKYy/a MOSBUBILIMXCS (DOPMabHBIX 33/1a4, PEIICHHE KOTOPBIX HESICHO YTO JIaeT, HO MOIy4YeHHEe
KOTOPOTO CBS3aHO C «IKBHJIMOPHCTHKOW», BBIIABAEMOMN 3a «HAyKy». JlyMaeTcsi, 4TO CTOUT HPEAbSBUThH yHAIUMCS
PAZ peanbHbIX TEXHHMYECKUX YCTPOMCTB, MaTeMaTH4eCKie MOJeIH (DYHKIIMOHUPOBAHUS, /1a M MPOCTO HIEH HX CO-
3/1aHus, OIKUCBIBAEMBIC ITPOCTHIMU }ll/l(b(bepeHLll/laJ'lebIMl/I YPaBHEHUAMHU, PEIICHUE KOTOPBIX I10 CUJIaM aKKypPaTHBIM
CTYJICHTaM IIepBOTO MJIM BTOPOTO Kypcax OOBIYHBIX TEXHHYECKHX BY30B (WM JJaXkKe IPOCTO HAXOXKJICHHE IKCTPEMY-
Ma (DYHKIIMN OHOTO IIepeMEHHOTr0). Bee 1ermo B HCronp30BaHHN HEKOTOPBIX (DaKTOB, MOMEUEHHBIX BHAIMATEIIbHBI-
My HabOmonarensiMu — ¢usukamu. K unciy Takux (akroB OTHOCHTCS, Harmpumep, npuHuun depma: cBer (Jaxe B
HEOTHOPOIHOMN Cpezie) pacipoCTPaHseTCs 10 MyTH, IPOXOAUMOMY 33 HaUMeHbIee BpeMs. [ToaTomy, Hanpumep, B
OJTHOPOZHOM Cpezie CBET PACHPOCTPAHSETCS M0 MPSIMOM. DTO JIETKO MPOBEPHUTH C MOMOIIBIO «II0TAHHOT0» (oHaps —
KOPOOKH C y3KOil IIeNblo, BHYTPU KOTOPOH HAaXOJWTCS MCTOYHMK CBeTa (Jlamra Wik cBeda). DToT (axT (IPUHIHIT
®epma) MO3BOJISICT HOIYUUTh 3aKOH OTPAXKEHUsI OT MPSIMOTO M M30IHYTOr0 9KpaHa. Bce BHUeu B COTHEUHBII eHb,
Kak OJIECTHT, epeMeIasich, sipkas Touka Ha (acaj e MHOTOOKOHHOTO 37aHHs (HanpuMmep, TocTHHUIE! «Kocmocy Ha
B/IHX) xorma BBI IepeMeniaeTech BAOIb Her0. JTO CBETUTCS CTAMOHAPHAS TOYKA. 3aKOH MPEIOMICHNS — 3aKOH
CHemMyca — TOJTy4aeTcsi, €Cid IPUMEHNTh MprHIUI PepMa K rpaHuLe pasaena JIBYX cpel] ¢ pasIdYHbIMH ILIOT-
HOCTSIMU (T. €. Cpefl ¢ Pa3IMYHBIMU CKOPOCTSMH PAaCIpPOCTPaHEHUs CBeTa). A OTciona U 00bACHEHHS SBIECHUA ped-
PaKIMU — MBI BUAUM COJTHEUHBIH MCK eIlle OKOJIO MUHYTHI TI0CJIE €r0 YyX0/1a 3a Topu30HT. [loHoe BHyTpeHHee oTpa-
xeHue (caencTue 3akoHa CHeIUTMYca) BEIEeT K CO3/IaHUI0 CBETOBO/A — O4YEHb BaXKHOTO M300pereHus. [Iposkekrop,
PaanOTEIIeCKOII, pPa3HbIe THIIBI PaJIOIOKAIIMOHHBIX aHTeHH — Bce 3To npuHIun depma. B crathe 00Ccyx aaroTcs 3T
1 JIpyTUe CiyYan N3y4deHHst TOCTAaTOYHO [POCTO HCCIIEYEMbIX MaTeMaTHYeCKUX MOJIeIel.
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Kcomaneﬂmo, Kypc MaTeMaTHK1 BOCIIPUHUMAETCS
CTyACHTaMH KakK Habop (HOpMyII, O3BOJISIOLINX
pelarh JO0CTaTOYHO OOraThlii 00BEM 3a/1a4, KOTOPHIE
HOCAT (OpMaJIbHBIN XapaKkTep U HE CIUIIKOM CBSi3a-
HBI ¢ IPO(eCCHOHANTBEHON ACSTEIBHOCTHIO Oy IyIINX
HHXKeHepoB. Bmecte ¢ Tem, o ciosam ['anutes, «Be-
JIMKasi KHUra [IPUPOJIbI HAallMCaHa Ha sI3bIKE Marema-
THUKH». Huke npuBeeHbl HECKOJIbKO (H3MYECKUX
3aJa4, UMEIOLINX MPHUJIOKEHUs B BUJIE pealn30BaH-
HBIX TEXHUYECKUX YCTPOHCTB MJIM OOBSICHEHUH Me-
XaHM3Ma UX (YHKIMOHUpOBaHMS. MareMaTuuecKue
MOJIETTH ATUX 3a/1a4 UCCIIETYIOTCS C HCIIONb30BaHUEM
3HAHMH He OoJiee YeM JIBYX JIET BTY30BCKOTO Kypca.
B ocHOBHOM, 3TO yMEHHE HaXOUTh IKCTPEMYMBI JI0-
CTaTOYHO MPOCTHIX QYHKIMH U pemath AuddepeHiu-
aJNbHBIE YpaBHEHUs MEPBOTO WM BTOPOTO MOPSIIKA.
VYKakeM Takue 33/1auu: OTpakeHUe U TpeIOMIICHHE
CBETOBBIX JIy4el (M PaJMOBOJH) C UCIOIH30BAHUEM
npunimna @epma. OHU NPUBOIAT K CO3IAHUIO TPO-
JKEKTopa, paJIHoTeNIeCKOIa, OJHOKaHaJIbHOTO pajapa
Ha 0aze amdnekTpuueckor nuH3bl Jlronebepra. [lo-
MHMO 3TOr0, MOYKHO paccuuTarhb (popmy Tpacchl 000-
cliesi, HATH ONTHUMAJIbPHOE YIpPaBJIEHHE JBHKEHUEM
00beKTa, UCTIONB3YS MPUHLUI MakcuMyMma [loHTps-
rufa [1]. HakoHer, MOXHO ONPENeNUTh MOIOKEHHE
IUIAHETHl WIIM UCKYCCTBEHHOTO CITyTHHKA Ha opOuTe
B JIF000OH MOMEHT BpEMEHH, DJIEMEHTAPHO BBIBECTH
3aKOH BCEMUPHOTO TATOTCHUS [2].

Xotenock Obl BEpUTh, YTO PACCMOTPEHHE YKa-
3aHHBIX 3a7a4 B Kypce (BO3MOXHO, (haKylbTaTHB-
HOM) MaTeMaTHuKu pa3OyauT UHTEPEC K MaTeMaTHKe
KakK HayKe U TOBeJIeT K 0oJiee cepbe3HOMY OTHOIIIE-
HUIO K €€ U3YUCHHUIO.

3ajaya HaXOXKICHUS CTAIMOHAPHOW TOYKH —
TOUYKHM oTpakeHHs (x; f(x)) NMy4a, MCXOAALIETO U3
touku A(p/2; 0) u oceeTuBLIero Touky B(X; ¥) (3k-
paH B tiockoctu x0y 3a1aH ypaBHeHueM y = f(x) >
>0 npu x>0, f0) =0, f'(x) HenpepbiBHA ITpH X > 0)
no npuHuuny Pepma (cBeT pacmpocTpaHsieTcsi 1o
MyTH, IPOXOAUMOMY 3a KpaTdaiiiiee Bpemsi) BeJeT
K PELICHUIO YPaBHEHHUSI

_p '
(x 2 ) OOy - ren s
(x‘lz?j P VX =)+ = f(x))

13 KOTOPOIO CJIEAYET, YTO KPUBOJIMHEUHBIN 3KpaH
MO>KHO 3aMEHUTh KacaTeJIbHOM IPSIMON B TOUKE Ka-
CaHMs — CTAllMOHAPHOM TOUKE, U B HEW yroJ naje-
HUS PaBEH YIIy OTPaKEHUSI.

Ha ocHOBaHMM 3TOr0 MOYHO PELIUTH CIEHY-
IONIYI0 3aJlady: HaWTH (GOpMy IUIOCKOTO JKpaHa
y=f(x), x>0 npu ycinosusx f(0) =0, f(x) > 0 s
x>0; f'(x) >0 mng x > 0, mocne oTpa)keHUs! OT
KOTOPOTO JIF0OOH JTy4 TOYSYHOTO HCTOYHUKA, PACTIO-
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JIOKEHHOTO B Touke F(p/2; 0), MOWIALET MO MPSMOI,
napamienabHoi ocu Ox.
DTa 3aJa4a CBOAUTCS K penicHuIo 3agaun Ko

2
——xj +y2, y(0)=0,

OTBETOM KOTOPOH sBJIsieTCs (DYHKIMS )* = 2pX, TO €CTh
napabona ¢ okycom B Touke F(p/2; 0). Ilpu Bpare-
HHH 3TOH napabosisl BOKpyT ocu Ox mostyyaem napado-
JIOM] BpaLEHHUs1, SABIISIOIMIACS OTpaskKaTeseM ITPOKeK-
TOpa, 3epKajioM PaJUOTENIECKONa U OIXHOKAHAJIBHOTO
panapa, a TaKKe «TEJICBU3MOHHBIX Tapenok». Perire-
HHE OJTM3KOH K MPUBEACHHOMN BBIIIE 33/1a491

2xpy =t +x+ ' - \/(c2 x>+ )+ (2xp)’,
y(a)=0
naet (hopMy TUIOCKOTO 3KpaHa y = f(x), mocie oTpa-
JKCHHSI OT KOTOPOTO BCE JIy4H TOUECYHOTO UCTOUHUKA
(—¢; 0) momamarot B TOUKy (c; 0). DTOT 3KpaH Onu-
CBIBAaCTCsl YpPaBHCHHEM
2 2
X
-+ y— =1.

2 2 2
a a —c¢

Oto smmnc ¢ pokycamu F(—c; 0), F,(c; 0) u no-

JIYOCSIMU d,
b=+a*>-c*.

Bpamenue nanHoro smurnca (ecTeCTBEHHO, €ro
yacTH) BOKpyr ocu 0x Jaer oTpaxareib (4acTb dJl-
JIUTICOUA BpAIlleHUs) MEUIIMHCKOTO J1a3epa.

OTpakeHue OT BETBU TUIIEPOOITBI

x2 y2
a -ad

=lL,x=a

MEPEeBOANT BCE JIy4YHM, HUCXOIslmue H3 (QoKyca
F\(=¢; 0), B 1y4n, MCXOAAIIME U3 «JIOKHOT0» MCTOY-
HHUKa B TOUKe F, (¢; 0). DTO CBOHCTBO MCIIONB3YETCS
U JUTSL COKPBITHSI HICTHHHOTO UCTOYHHUKA U3Ty4YCHUS,
U B JIByX3epKaJlbHOI aHTeHHOH cucteme Kaccerpe-
Ha. [TonoOHast cucTema MpUMeHeHa B aHTeHHaX (1Ba
psda Mo 4YeThlpe 3epKajia) CHUCTEeMBbl JajbHel Koc-
MHYECKON CBS3M. DTO CIENaHO, 4YTOOBI M30€KaTh
HCTIOJIb30BaHUST OONBIIOTO (POKYCHOTO PACCTOSHHUS
JUIS TPUEMHOTO PyIopa aHTEHHBI.
Omnpenenenrie MUHUIMYMa (QyHKIIUN

2. 2 2 2
\/x + \/(x —-x)" +
T(x)= Vi n 2 Y 0<x<ux,
Vi Va
T. €. pEllICHUE YPABHEHUSI

T'(x) = X 3 X, =X
vl\/x2+y12 Vz\/(xz—x)z—i-y;
M03BOJISIET HailTH Touky (x; 0), B KOTOpOH JIyd m3
touku (0; y, > 0), mpenomissce, onaaeT B TOUKY
(x,; ¥, < 0), Korma v, — CKOpPOCTb CBETA B CPEJE
»y >0, av, — ckopocTts cBeTa B cpezie ¥, < 0. Yero-
Bue 7''(x) = 0, momyyeHHOE Ha OCHOBAHUH TPUHIIH-

=0,

na @epma, naer 3akoH CHeJuMyca MPEIOMIICHHUS
cBeTa (MM PajloOBOJIHBI). DTO TMO3BOJSIET HCCIE-
noBath 3 dexT pedpakiuun, Koraa CKOPOCTh CBETa
(n ko3 unMeHT TIpenoMIIeHHS) HETPEPHIBHO Me-
HSIETCS B HEOTHOPOIHOM cpere.

st mocTpoeHrss MHOTOKaHAJIBHOTO pajapa c
OZMHAKOBBIMH B KaXJIOM KaHajle IuarpaMMamu
HaNpaBJCHHOCTH HCIONb3YETCS AUIIEKTPUUECcKast
nmuH3a JlroneOepra, mepeBomsIas H3IydeHHE TO-
YEYHOTO MCTOYHMKA, HAXOSIIETrocs Ha ee IMOBep-
XHOCTH, B MapajuIeNbHBIA Iy4OK Jy4ed MomoOHO
napaboyiony BpaleHus. OTo ObUIO peain30BaHO B
neiictBytomeit PJIC manpHero oOHapysKeHusl.

3aja4a HAXOXKICHHS 3aKOHA N3MEHEHUsI KO3 PuIu-
enTa nipenomienns 77 = 1(7) B mnse Jlonebepra cBo-
JATCS K petieHno AuddepeHmaabHOro ypaBHeHUs

d’7 dn 7
_2 fry n_ PR—
dr dr r
npu ycnoBuu n(a) = 1, 0 < r < a, koTopoe mocie
BBEJICHUSI JIOTIOJIHUTEIILHOTO YCIOBHS

n dn 2
—_——=—q
r dr

IIyTeM NpeoOpa3oBaHUN IPUBOAUT K OTBETY
n=42-(r/a)’,0<x<a[3-5].

N3BecrHad 3anaua U. bepHymum o KpuBO# Hauc-
KOPEHILEro CITyCKa TSKEI0U TOUKU B BEPTUKAIbHOU
IUTOCKOCTH T0J] ICHCTBUEM CHJIBI TSKECTH 0e3 yue-
Ta TPEHHsS — «3a/Jaya 0 OpaXHUCTOXPOHE» — CBO-
autes (cM., HarpuMmep, [4-8]) k moucky QyHKIMH
¥ = y(X), MUHUMH3HUPYIOLIEH HHTETPa

Xo l + (y!)2

oV 28y
npu ycnosusx y(0) = 0, y(x,) = y,.

OTOT MHTETpaJl MOKHO paccMaTpuBaTh Kak Bpe-
Ms1 IBUYKEHUSI CBETA C IEPEMEHHOM CKOPOCTBIO A/2gY
(g — mocTosiHHAs CHUJIBI TSKECTH Ha TIOBEPXHOCTH
3emiin), a €ro MUHUMHU3ALNIO — KaK peai3aiiio
npuHiuna depma. YkazaHHas 3a1a4a — OJHA U3
MEPBBIX 3ajJlad BapHaIMOHHOTO HcuyuciaeHus. OHa
CBOJUTCSI K MCCIIEOBAaHMIO ypaBHEHUs Oiepa—
Jlarpanxa (mo cytu, aHanora Teopembl Oepma 00
yCIIOBUU dKCTpeMyMa (YHKUUH) [S] mpu KpaeBbIX
yeaousix y(0) = 0, y(x,)) =y,

1 1+ d y'

-~ 4| — =0
Jy A1+

2yN
[Tyrem BBeneHUs mapaMeTpa HaXOIUM PELICHUE
JaHHOro U (HEepeHINATBHOTO YPAaBHEHUS

C .
X =—(f—sIn¥),
2( )

C
=—(t—cost),
y 2( )

SIBIISIFOIIEECS LIUKIJIOUIOM.
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3HaueHHe ¢ OHO3HAYHO OINPEIENsieTCs U3 YCIlIo-
Bus Y(x,) =y, (npu ¢ = 0 umeem y(0) = 0).

HUcnonp3ys Bropoit 3akoH HeloTOHA U TpH 3aKOHA
Kemnnepa, nerko onpeaenuTs B 110001 MOMEHT Bpe-
menn ¢, 0 < ¢ < T, nonoxenue (a cos ¢(¢); a sin (7))
Ha OpOuTe MJIaHEeThl WM UCKYCCTBEHHOTO CITyTHHKA,
rae

§(0) = 5ing() =21, 9(0) = 0:

€ — DKCLEHTPHCHUTET,
b > e yz
g = 1_(_} , dqmanea — +-— =1,
a a b
T. €. opOuTHI (TIepBbIi 3akoH Kerepa);
T — nepuon obpatieHus o opoure.

[Ipeanoxenue KpyroBoil OpOWUTHI MO3BOJISIET
C MOMOIIBIO BTOPOro 3akoHa HbroTOHA M 3aKOHOB
Kenniepa B 0Hy cTpOKY BBIBECTH 3aKOH BCEMHUPHO-
ro TAroteHus (cM., Hanpumep, [2]).

Baxnelimas 3agaua — 3agada ONTHMaJbLHOTO
YIPABICHUS — PELIaeTcsi ¢ MOMOLIBI0 OTKPBITOTO
JI.C. IloHTparuHbM nprHIMIa Makcumyma [1]. Mo-
JeNBHOW SIBISIETCS 3a7ada ONTHMAaJbHOTO OBICTpO-
neiictBusl — Haith ynpasnenue u(?), [u(f) < 1, npu
KOTOpPOM TOYEYHas Macca Ha MPsIMOM, HAXOMAIIAsCs B
Ha4aJIbHbIA MOMEHT BpeMeHH ¢ = () B HOJIOKEHUH X, 1
UMEIOIIas CKOPOCTB Vy, 38 Kpardaiiiee BpeMs 7' 0Kasbl-
BaeTcs B TOUKe X = ) M MIMEeT B MOMEHT ¢ = T HYJIEBYIO
CKOPOCTH (TO €CTh OCTAHABJIMBACT B MOMEHT ¢ = 7).

Maremaruueckasi MOJesb STOH 3a1a4 — peliie-
HUE ypaBHEHUS
d'x
P u(t), lu(t) < 1

C Ha4aJIbHbIM YCJIOBUEM

dx
X0) =Xy 4
=0

1 HaXOXKJIEHUE TaKoTro ynpaBieHus u(f), 94To

:vO

x(T)=0, i—x =0,
t =T
npudeM 7 — MUHUMaJILHO BO3MOYKHOE.
st ynoOctBa BBOAMM HOBEIE ((ha3oBbIe) mepe-
MEHHBIE

X, =X, X, =

E:

CBeneHusa 06 aBTopax

MOCJC YCTro nojiydyacM CUCTEMY

dxl dx2
—=Xx,, —=u(’
e % de @
npu ycaosusax x,(0) = x,, x,(0) = v, x(7) = 0,

x,(T)=0.

[To nmpuHIHITY MaKCUMyMa TIOJTy4aeM, 4TO OIITH-
MajbHOE yrpaBieHue peneitro [9, 10]: u(f) = £1 u
nMeeT He OoJiee OTHOTO MEPEKIIIOYEeHNS, T. €.

u(t) = sgn(Ct + C,).

[Mpwm u = +1 gBIKEHUE POUCXOAUT TIO YACTH Ta-
pabon
1 2
X, =5(t+Al) +A4,x,=t+ A4,
anpu u =—1 — 1o yacTu mapadomn
1 >
X, = —5(—t +B) +B;x,=—t+B,

Urax npunnun @epma 1mo3BoiseT NOITy4UTh 3a-
KOH OTpa)K€HUs OT MPSIMOI0 M M30THYTOTO 3KpaHa.
3akoH npenomiieHuss — 3akoH CHeunyca — Moiy-
4aeTcsl, €CJIM MPUMEHUTH NpuHIUI Pepma K rpaHu-
L€ pa3ziena AByX Cpell ¢ pa3IMYHbIMU IJIOTHOCTSAMH.
Otcrona BBITEKAIOT OObSICHEHHS SIBICHHUS pedpak-
uun. IlonHoe BHyTpeHHee OTpa)keHue (ClelcTBHE
3akoHa CHemnmyca) BeJeT K CO3aHUI0 OYeHb BaXK-
HOTrO M300peTeHns — cBetoBoja. [Ipoxkekrop, pa-
JUOTEJIECKOI, pPa3Hble THUMBl PAAHOIOKAI[MOHHBIX
aHTeHH — Bce 310 npuHuun depma.
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WHAT YOU CAN AND SHOULD TEACH STUDENTS

A.lL. Rubinshtein, O.M. Poleshchuk, T.V. Chernova
BMSTU (Mytishchi branch), 1 st. Institutskaya, 141005, Mytischi, Moscow reg., Russia
rubinshtein_aleksandr@mail.ru

Mathematics is perceived by students with a significant complexity. Most likely, this is due to the feeling that
mathematics is a set of formal tasks of uncertain origin and it is unclear where their solutions can be applied and
what they can result in, but the process of finding a solution is associated with the «balancing act» masquerading
as «science.» I think that if you show the audience a number of real technical devices, the mathematical model of
their functioning and just the idea of their creation can be described by simple differential equations which can be
easily solved by some careful first-year or second-year students of technical universities. Or they can be engaged in
finding the extremum of a function of one variable. A proper use of some facts noticed by some attentive observers
in physicsis is of essence. Such factors include, for example, Fermat’s principle, i.e., light (even in a heterogeneous
environment) propagates along the path passable in the shortest time. So, for example, in a homogeneous medium
light travels in a straight line. It is easy to check using a dark lantern which is a box with a narrow slot and with
a source of light(lamp or candle) inside. This fact (Fermat’s principle) allows to obtain the law of reflection from
a straight screen and a curved one (on a sunny day one can see a shining bright dot which is moving along the
multi-window fagade of the building (for example, the «Cosmos» hotel) when one is walking along it). It is a
stationary point shining. The law of refraction, i.e., Snell’s law, is obtained if we apply Fermat’s principle to the
interface of two media with different densities (i.e. environments with different speeds of light propagation). Hence
the phenomenon of refraction is explained: we see the solar disk for another minute after it went under. The total
internal reflection (Shell’s law consequence) has resulted in discovering optical fiber which is a very important
invention. A searchlight, a radio telescope, different types of radar antennas are based on the Fermat’s principle.
This paper discusses these and other cases of studying simply investigated mathematical models.

Keywords: an optimal control, Newton’s and Kepler’s lays, a radar
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